Marcel Déléze
Edition 2017

Théme : § 1-3 Résolution analytique d’'une équation différentielle ordinaire du premier ordre
Lien vers les énoncés des travaux dirigés:
https://www.deleze.name/marcel/sec2/applmaths/csud/eq-differentielles/1-3_EQ-DIFFERENTIELLES.pdf

§ 1.3 TD 1 Corrigé

a)
Méthode de la séparation des variables
dN
— =-AN
dt
dN
— = -adt
N
1
J— dN=-2 Jdlt
N
IniN(t) r=-2t+c
N (t) | = (ef)k t+c _ ec eflt
N (t) =ke"t ou k = + e© estune constante réelle
N (@) =k =Ng

IN (t) =Ng et

Avec Mathematica

Clear|[n, t];
DSolve[{n'[t] == -An[t], n[@] == n@}, n[t], t]

Hn[t] > e tA n@}}

b)
T = demi-vie
1
N (T) = — No
1
No e T = — No
2
ot
2
1
-AT=1n —) =-1n (2)
2
AT =1n (2)
C)

T = vie moyenne

Printed by Wolfram Mathematica Student Edition


https://www.deleze.name/marcel/sec2/applmaths/csud/eq-differentielles/1-3_EQ-DIFFERENTIELLES.pdf

2 | 1-3-equadiff-cor.nb

1
N(Z) :—Ng
e
1
N@ (Eilt :—Ne
e
(e—)\t_e—l
-ATt=-1
AT =1
In (2 1
- (2) 1
T T
T=1t1ln (2)
d)
Activité A(t)
A (t) = —iN (t) = -i <N@ e’1t> = (=1) Ng (-21) et = ANg et
dt dt

A (0) = X Ng = Ag = activité initiale

A (t) =Ag et ]

A (t) =2000 et
2000 e (90min) - 639

63

) 630
“A(semin) = -2 (9@ min) = 1n —
200

2000

A (9@ min) = 630 =
e

Constante de désintégration A
-1 63 1 200 1 1
n——min~ = 0.0128 min~

A= in — =
90 min 200 90 63

Vie moyenne t

1 .
T=—=77.9min

Demi-vie T
In (2)
T= =tln (2) =~ 54.0min
A
e)
Activité A(t)
A(t) =Ap et
1n (2) 1n (2)
T = 5568 ans = A= =
T 5568 an
A (0) =6.68 (t=90 alamortdel'arbre)
A(t) =0.97 (t = nombre d' années apreés lamortde 1' arbre = durée)
0.97 =6.68¢e "
et 0.97
6.68
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(6.68]
0.97
1n (2) 6.68

t ln[ J

5568 an 0.97
5568 an 6.68
= ln( ) ~ 15 500 an

"~ 1n(2) 9.97

Date
t-1950ans =~ 13'550ansavantJ. C.

§ 1.3 TD 2 Corrigé

a)
Méthode de la séparation des variables
dp Mg
_ = ,p -
dz RT
dp Mg
p RT
1 M
J—dlp =-— |dz
p
M
In i p(z) |:——gz+c
RT
Mg, _Me
Ip(z) 1 =e &t = e e &7
p(z) =k ef:*iz ou k = + e estune constante réelle
P (@) =k =pe

Mg

P(Z) =pe @ *7

Avec Mathematica

Clear|[p, z];

M
osolve[{p' (2] == - ~E plz1, pr0] == po}, plz1, 7]

gMz

{{plz] > e = po}}

§ 1.3 TD 3 Corrigé

10
Décomposition en fractions simples : pour tout p,
1 1 A B A(a-bp)+Bp (-Ab+B)p + (Aa)
= = — + = =
ap-bp*> p(a-bp) p a-bp p(a-bp) p(a-bp)
{—Ab+B:0
Aa=1
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A=l
z{ a b
B=Ab= >
a
1 1(1 b J
= — | —+
ap-bp? alp a-bp
20
Séparation des variables
dp
— -ap-bp?
qt p P
d
L
ap-bp?

1
\{———————dp:\Jidt
ap-bp?
1 1 1
{JdlerbJ dlp)—fldlt
p a-bp

a
1 b
—|/Inipi+ —1nia-bp |) =t+q
a -b
1In —at+cy
a-bp
& 7eat+cz eCz eat
a-bp (t)
t
L: k et ou k=+e%
a-bp (t)
p(t) =k e (a-bp (t)) =ak e®t-bk e?tp (t)
o p(@) -k1l(a-bp(@)) dou k- P
a-b pe
Pe at
p(t)= ——— e (a-bp (t))
a-bpe
(a-b pe) p(t) =ape e*-b ps €®Tp (t))
((a-b pg) +b ps ) p (t) =ape "
a pe edt
p(t) =
a-b pg+b pg et
a
— b = L 01‘1 L:
b€ f-e?te 1l gy &-—]» eat

Avec Mathematica
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Clear[p, t, a, b];
DSolve[{p'[t] == ap[t] -bp[t]?, p[@] == pe}, p[t], t]

. Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.
ae?tpe
{{prt1- b
a-bpo+be?tpo
30
P =
ape et a a a
limp (t) = lim be - lim Pe _ AP % 1p 109
too t>> a-b pg+b pe €@t o (a-b pg) e@t+bps O+bps b
40
%) at
plt_] := apge /.{a~0.03,b>3:107"?, po -6 - 10°}
a-bpo+bpoe?t
p[50]

8.70509 x 10°

a
Plot[{p[t], — /. {a~0.83, b>3107'%, po 6 -10°}}, {t, -150, 150},
b

PlotStyle » {Dashing[{}], Dashing[{0©.02}]}, ImageSize - {500, 350}]

1 x 1970

-150

n 1 n n n n 1 n n n n n n n n n n n n 1 n n n n 1
-100 -50 50 100 150

1.3-TD 4 Facultatif

Avec les notations de Mathematica
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\/FTanh[\/F\/?Log[me]—\é?\/rmg[me—qt] ] \/ITanh[\/T\/TLog[S]—\éT\/TLog[S—Zt]

e VT

Avec les notations usuelles en mathématiques
21n (8) -21n (8-21)

s (t) = 2tanh 5 ):Ztanh (In (8) -1n (8-21)) =
8 4 eln (&) - e_ln (&)
2 tanh (ln J] = 2 tanh (ln( JJ =2 =
8-2t 4 -t ln(i‘—) —ln(i‘—)
e -t + @ a-t
Zeln(ﬁ)-el”(%) , e 16— (4-1)2 2.8t
Jn () o () ﬁ+%_ 16+ (4-t)2  t2-8t+32
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